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A note on equivariant eta forms
Yong Wang
Abstract
In this note, we prove the regularity of eta forms by the Clifford asymptotics.
Then we generalize this result to the equivariant case.
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1 Introduction
In [APS], Atiyah, Patodi and Singer proved the Atiyah-Patodi-Singer index the-
orem for manifolds with boundary and they introduced the eta invariants. Bismut
and Freed gave a simple proof of the regularity of eta invariants in [BF]. Bismut and
Cheeger generalized the Atiyah-Patodi-Singer index theorem to the family case in
[BC1,2]. They used the eta forms for families of Dirac operators. The regularity
of eta forms was proved by the probability method in [BGS]. Donnelly generalized
the Atiyah-Patodi-Singer index theorem to the equivariant case and introduced the
equivariant eta invariants in [D]. Zhang proved the regularity of the equivariant eta
invariants by the Clifford asymptotics in [Z2]. In this note, we firstly prove the reg-
ularity of eta forms by the Clifford asymptotics. Then we define the equivariant eta
forms and prove their regularity.
2 The regularity of eta forms
Let M be a n + m dimensional compact connected manifold and n be an odd
integer and B be a m dimensional compact connected manifold. We assume that
pi :M → B is a submersion ofM onto B, which defines a fibration ofM with fibre G.
For y ∈ B, pi−1(y) is then a submanifolds Gy of M . TG denotes the n-dimensional
vector bundle on M whose fibre TxG is the tangent space at x to the fibre Gpix. We
assume that M and B are oriented. Taking the orthogonal bundle of TG in TM with
respect to any Riemannian metric, determines a smooth horizontal subbundle THM ,
i.e. TM = THM ⊕TG. Vector fields X ∈ TB will be identified with their horizontal
lifts X ∈ THM , moreover THx M is isomorphic to Tpi(x)B via pi∗. Recall that B is
Riemannian, so we can lift the Euclidean scalar product gB of TB to T
HM . And we
assume that TG is endowed with a scalar product gG. Thus we can introduce in TM
a new scalar product gB ⊕ gG, and denote by ∇L the Levi-Civita connection on TM
with respect to this metric. Let ∇B denote the Levi-Civita connection on TB and
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we still denote by ∇B the pullback connection on THM . Let ∇G = PG(∇L) where
PG denotes the projection to TG. Let ∇⊕ = ∇B ⊕∇G and S = ∇L − ∇⊕ and T is
the torsion tensor of ∇⊕. Let SO(TG) be the SO(n) bundle of oriented orthonormal
frames in TG. Now we assume that bundle TG is spin. Let S(TG) be the associated
spinors bundle and ∇G can be lifted to give a connection on S(TG). Let D be the
tangent Dirac operator. Let K be the scalar curvature of fiber G and e1(x), · · · en(x)
denote the orthonormal frame of TG. If A(Y ) is any 0 order operator depending
linearly on Y ∈ TM , we define the operator (∇ei +A(ei))2 as follows
(∇ei +A(ei))2 =
n∑
1
(∇ei(x) +A(ei(x)))2 −∇∑j ∇ej ej −A(
∑
j
∇ejej). (2.1)
Let Treven denote taking trace on the coefficients of even forms on B. Let c(T ) =∑
1≤α<β≤m dyαdyβc(T (
∂
∂yα
, ∂∂yβ )), and
It = −t(∇Gei+
1
2
√
t
< S(ei)ej , fα > ejdyα+
1
4t
< S(ei)fα, fβ > dyαdyβ)
2+
tK
4
. (2.2)
We make the following definition of the eta forms.
Definition 2.1 ηˆ denotes the even degree form on B
ηˆ =
1
2
√
pi
∫ +∞
0
Treven[(D +
c(T )
4t
)exp(It)]dt/t
1
2 . (2.3)
In order to prove that (2.3) is well defined, we need to prove the regularity at
origin and +∞. Firstly we prove the regularity at +∞. We consider the two terms
Treven[Dexp(It)] and Treven[ c(T )4t exp(I
t)]. For the first term, considering D, we can
assume that D is invertable and using the discussions as in [W, pp.148-150], then we
can get the regularity at +∞ of the first term. Since c(T )4t is a bounded operator,
using the discussions in [BGV, p. 275], we can get the regularity at +∞ of the second
term. Nextly, we prove the regularity at origin. Fixing a y ∈ B and considering the
fibre Gy, let exp(I
t)(x, x′) for x, x′ ∈ Gy denote the heat kernel of It (see [BGV]). By
a simple discussion, we can get
Treven[(D +
c(T )
4t
)exp(It)] =
∫
Gy
Treven[(D +
c(T )
4t
)exp(It)(x, x)]dx. (2.4)
Let I1 = It|t=1. By the Duhamel principle, we can get
Treven[exp(t(I1+ dt(D+
c(T )
4
)))] = Treven[exp(tI1)] + tdtTreven[(D+
c(T )
4
)exp(tI1)].
(2.5)
Let φ be a smooth function defined locally in a neighborhood of x, denote the
degree of zero of φ at x by υ(φ), to every
α(x′) = φl1(x
′)
∂
∂xi1
φl2(x
′) · · · ∂
∂xim
φlm+1(x
′)dyα1 · · · dyαpdt
2
ej1 · · · ejs : S(TG)x′ → S(TG)x′ ;αi 6= αj (i 6= j); ja 6= jt (a 6= t), (2.6a)
we define
χ(α) = m+ p+ s+ 1− υ(φ1 · · ·φm+1). (2.6b)
We call α(x′) an even (odd) element if p + s is a even (odd) integer and we denote
{χ < m} the linear space generated by all the elements α for which χ(α) < m and
denote (χ < m) an element of {χ < m}, e.g. ω = ω′ + (χ < m) means that there
exists a β ∈ {χ < m} such that ω = ω′ + β. Set
h(x) = 1 +
1
2
dt
n∑
i=1
xiei. (2.7)
Then we have
heih
−1 = ei + dt(χ ≤ −1); h(1
2
eidt)h
−1 =
1
2
eidt, (2.8)
h∇Geih−1 = ∇Gei −
1
2
dtei + dt(χ ≤ −1); (2.9)
h(
1
2
< S(ei)ej , fα > ejdyα)h
−1 =
1
2
< S(ei)ej , fα > ejdyα + dt(χ ≤ −1); (2.10)
h(
1
4
< S(ei)fα, fβ > dyαdyβ)h
−1 =
1
4
< S(ei)fα, fβ > dyαdyβ. (2.11)
By the proposition 2.10 in [BGS], we have
I1 + dt(D +
c(T )
4
) = −(∇Gei +
1
2
< S(ei)ej , fα > ejdyα
+
1
4
< S(ei)fα, fβ > dyαdyβ − 1
2
eidt)
2 +
K
4
, (2.12)
By (2.7)-(2.12), we have
h[I1 + dt(D +
c(T )
4
)]h−1 = I1 + dtu, (2.13)
where χ(u) ≤ 0. For t > 0, by [Z1,(4.17)], we have
exp(tI1)(x, x′) =
e−d(x,x
′)2/4t
(4pit)
n
2

[n2 ]+[m2 ]+2∑
i=0
Uit
i + o(t[
n
2
]+[m
2
]+2)

 . (2.14)
For I1 + dtu, similar to (4.17) in [Z1], we have
[dˆ+ xi(biΓ
α
ijejdyα + ciΓ
β
iαdyαdyβ +Bi) + r]U˜r + dtAU˜r = (I
1 + dtu)U˜r−1 (2.15)
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where U˜r = Ur + dtVr and U˜−1 = 0 and χ(A) ≤ −2 and see [Z1] for dˆ, biΓαij, Bi. By
(2.15), we have
exp(t(I1 + dtu))(x, x′) =
e−d(x,x′)2/4t
(4pit)
n
2

[n2 ]+[m2 ]+2∑
i=0
(Ui + dtVi)t
i + o(t[
n
2
]+[m
2
]+2)

 ,
(2.16)
where χ(Ui) ≤ 2i, χ(Vi) ≤ 2(i − 1) and Ui, Vi contain no dt. Ui is an even element
and Vi is an odd element. By (2.13), we have
exp[t(I1 + dt(D +
c(T )
4
))](x, x) = h−1(x)exp[t(I1 + dtu)]h(x). (2.17)
By (2.5) and (2.17), we get
tdtTreven[(D +
c(T )
4
)exp(tI1)(x, x)] = Treven{h−1(x)exp[t(I1 + dtu)(x, x)]h(x)}
−Treven[exp(tI1)(x, x)]. (2.18)
By (2.8), (2.14) and (2.16), we get
Treven{h−1(x)exp[t(I1 + dtu)(x, x)]h(x)} − Treven[exp(tI1)(x, x)]
=
1
(4pit)
n
2
Treven

[n2 ]+[m2 ]+2∑
i=0
dtWit
i + o(t[
n
2
]+[m
2
]+2)

 , (2.19)
where χ(Wi) ≤ 2(i − 1) is an odd element. Let φt be the rescaling operator defined
by φt(dyα) =
1√
t
dyα, φt(dt) =
1√
t
dt. Then by (2.18) and (2.19), we have
Treven[(D+
c(T )
4t
)exp(It)(x, x)] =
1
(4pit)
n
2 t
φt

Treven

[n2 ]+[m2 ]+2∑
i=0
Wit
i + o(t[
n
2
]+[m
2
]+2)



 .
(2.20)
Lemma 2.2 Suppose i ≤ [n2 ]+1. If W is an odd element and χ(Wi) ≤ 2(i−1), then
TrevenWi(0) = 0
Proof. Since we take the even form trace, we can assume
Wi = cxi1 · · · xikej1 · · · ejldyβ1 · · · dyβ2s .
If k > 0, we have Wi(0) = 0. When k = 0, χ(Wi) ≤ 2(i− 1) ≤ 2([n2 ] + 1− 1) = n− 1.
By χ(dyβ) > 0 and Wi being an odd element, we have l < n is an odd integer, so
tr(ej1 · · · ejl) = 0. ✷
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Lemma 2.3 Suppose 1 ≤ j ≤ [m2 ]+1. IfW[n2 ]+1+j is an odd element and χ(W[n2 ]+1+j) ≤
2([n2 ] + j), then
φt
(
1
t
n
2
+1
TrevenW[n
2
]+1+j(0)t
[n
2
]+1+j
)
= O(t
1
2 ), tց 0. (2.21)
Proof.We can assume
W[n
2
]+1+j = cxi1 · · · xikej1 · · · ejldyβ1 · · · dyβ2s .
Then k = 0 and l = n, otherwise TrevenW[n
2
]+1+j(0) = 0. Since χ(W[n
2
]+1+j) ≤
2([n2 ] + j) = n − 1 + 2j, then s ≤ j − 1 and φt(W[n2 ]+1+j) = t
−sW[n
2
]+1+j . So the
degree of t is [n2 ] + 1 + j − (n2 + s+ 1) ≥ 12 . ✷
By (2.20), Lemmas 2.2 and 2.3, we get
Theorem 2.4([BGS])
Treven[(D +
c(T )
4t
)exp(It)(x, x)] = O(t
1
2 ), tց 0. (2.22)
3 The regularity of equivariant eta forms
Let isometry g act fibrewise on M and act as identity on B and g preserve the
orientation and the spin structure on S(TG). Let g˜ : Γ(S(TG)) → Γ(S(TG)) be the
lift of g. We have the following definition of equivariant eta forms.
Definition 3.1 ηˆg denotes the even degree form on B
ηˆg =
1
2
√
pi
∫ +∞
0
Treven[g˜(D +
c(T )
4t
)exp(It)]dt/t
1
2 . (3.1)
Since g˜ is bounded operator, we can prove the regularity at +∞ as in Section 2.
Nextly, we prove the regularity at origin. Fix a y ∈ B and consider the fibre Gy.
Similar to Corollary 1.4 in [Z2], if g has no fixed points on Gy, then we can prove
||g˜(D + c(T )
4t
)exp(It)(x, gx)|| ≤ C1
t
n
2
+m
2
+1
exp(−C2/t), (3.2)
where C1, C2 are constants and the norm represents the norm of coefficients of forms
on B. So in this case, (3.1) is well defined. Since g is an isometry on Gy, for
convenience, we assume the fixed point set F of g is connected and codimF = 2n′
and dimF = q. Denote by N(F ) the normal bundle to F . Similar to the discussions
of (3.2), we need only to prove that
limt→0
∣∣∣∣∣
∫
F
∫
Nξ(ε)
Treven[g˜(D +
c(T )
4t
)exp(It)(x, gx)]dNξdξ
∣∣∣∣∣ ≤ C, (3.3)
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for some constant C > 0. Here Nξ(ε) = {v ∈ Nξ(F )|||v|| < ε}. Similar to (2.18), we
have
tdtTreven[g˜(D +
c(T )
4
)exp(tI1)(x, gx)] = Treven{g˜h−1(x)exp[t(I1 + dtu)(x, gx)]h(gx)}
−Treven[g˜exp(tI1)(x, gx)]. (3.4)
By (2.14),(2.16) and (3.4), we have
tg˜(D +
c(T )
4
)exp(tI1)(x, gx)
=
e−d(x,gx)2/4t
(4pit)
n
2
g˜


2n′∑
i=1
(((dg − I)x)q+ieq+i)

[n2 ]+[m2 ]+2∑
j=0
Ujt
j + o(t[
n
2
]+[m
2
]+2)


+
[n
2
]+[m
2
]+2∑
i=0
Wit
i + o(t[
n
2
]+[m
2
]+2)

 , (3.5)
where χ(Wi) ≤ 2(i− 1) is an odd element. By [Z2, p.1126], we know that
χ(g˜) ≤ 2n′, χ(g˜
2n′∑
i=1
(((dg − I)x)q+ieq+i)) ≤ 2n′ − 2. (3.6)
Lemma 3.2 Suppose 1 ≤ j ≤ [n2 ] + [m2 ] + 2. If W is an odd element and χ(W ) ≤
2n′ + 2j − 2, then
limt→0(
1
t
)3/2
∣∣∣∣∣
∫
Nξ(ε)
e−d(x,gx)2/4t
(4pit)
n
2
φt[tr(W (0;x)]t
jdx
∣∣∣∣∣ ≤ C1, (3.7)
for some constant C1 > 0; where in the W (z;x). z stands for tangential coordinates
and x stands for normal coordinates.
Proof. We can assume that W is a monomial, then it can be written as
W = φ(0)xi1 · · · xike1 · · · endyβ1 · · · dyβ2s .
We note that we can assume that xi in W are normal coordinates, for otherwise
trW (0; )˙ = 0.
(i) If χ(W ) = 2n′ + 2j − 2, then k = n+ 2s− 2n′ − 2j + 2 is an odd integer. By
making the change of variables x = t1/2b, we get
limt→0(
1
t
)3/2
∣∣∣∣∣
∫
Nξ(ε)
e−d(x,gx)2/4t
(4pit)
n
2
φt[tr(W (0;x)]t
jdx
∣∣∣∣∣
≤ limt→0(1
t
)3/2
∣∣∣∣∣
∫
Nξ(ε/
√
t)
e−||(I−dg)b||
2
(4pit)
n
2
t
n
2
+s−n′−j+1bi1 · · · biktj
1
ts
dyβ1 · · · dyβ2stn
′
db
∣∣∣∣∣ = 0
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(ii) If χ(W ) < 2n′ + 2j − 2, then k > n+ 2s− 2n′ − 2j + 2 and we get
limt→0(
1
t
)3/2
∣∣∣∣∣
∫
Nξ(ε)
e−d(x,gx)2/4t
(4pit)
n
2
φt[tr(W (0;x)]t
jdx
∣∣∣∣∣ ≤ C3.
We note that the above discussions are also correct when n+2s−2n′−2j+2 < 0. ✷
By (3.5), (3.6) and Lemma 3.2, we get
Theorem 3.3
Treven[g˜(D +
c(T )
4t
)exp(It)(x, gx)] = O(t
1
2 ), tց 0. (3.8)
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